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The two sided inequalities for generalized hypergeometric
functions have been established by Luke [1–4] through Pade´
approximation. He later obtained the bounds of Appell’s
hypergeometric functions F1, F2 and F3, through their Euler
integral representations (see or instance Luke [4]). An exten-
sion to the framework of the classical families of inequalities
for Gauss and Kummer’s hypergeometric, Laguerre, Bessel
and modiﬁed Bessel functions have been introduced in
[5–19]. The reason of interest for this family of Humbert func-
tions is due to their intrinsic mathematical importance and tos, Faculty of Science, Assiut
20 1005501583.
com.
ptian Mathematical Society.
g by Elsevier
ing by Elsevier B.V. on behalf of E
4.012the fact that these functions have applications in physics. Here
we obtain some inequalities for Humbert, Bessel and Whittak-
er’s functions. In what follows we observe that
1 z < ez < 1 zþ 1
2
z2; z > 0; ð1:1Þ
and from Luke’s results [4], can write that
1þ z < ez < 1þ 2z; 0 < z < 1; ð1:2Þ
then the function
0F2ð;; a; b;zÞ ¼
X
kP0
ðzÞk
ðaÞkðbÞkk!
; a; b > 0; z > 0; ð1:3Þ
where
ðaÞk ¼ aðaþ 1Þðaþ 2Þ    ðaþ k 1Þ ¼
Cðaþ kÞ
CðaÞ ; k
P 1; ðaÞ0 ¼ 1;
satisﬁes the inequalities
1 z
ab
< 0F2ð;; a; b;zÞ
< 1 z
ab
þ z
2
2ðaÞ2ðbÞ2
; a; b > 0; z > 0; ð1:4Þgyptian Mathematical Society. Open access under CC BY-NC-ND license.
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1þ z
ab
< 0F2ð;;a;b;zÞ< 1þ 2z
ab
a;b> 0; 0< z< 1: ð1:5Þ
The proofs of (1.4) and (1.5) follow of help are the beta inte-
gral representation, conﬂuence principle and the inequalities
(1.1) and (1.2), respectively.
Thus, it follows from (1.4) that
1 z
3
27ðaþ 1Þðbþ 1Þ < 0F2 ;; aþ 1; bþ 1;
z3
27
 
< 1 z
3
27ðaþ 1Þðbþ 1Þ
þ z
6
1458ðaþ 1Þðaþ 2Þðbþ 1Þðbþ 2Þ ;
a; b > 1; z > 0; ð1:6Þ
and from (1.5), we get
1þ z
3
27ðaþ 1Þðbþ 1Þ < 0F2 ;; aþ 1; bþ 1;
z3
27
 
< 1þ 2z
3
27ðaþ 1Þðbþ 1Þ ;
a; b > 1; 0 < z < 1: ð1:7Þ
In a similar way, we deﬁne the exponential functions as the
following:
1 z w < eðzþwÞ < 1 z wþ 1
2
z2
þ zwþ 1
2
w2; zþ w > 0; ð1:8Þ
1þ zþ w < ezþw < 1þ 2zþ 2w; 0 < zþ w < 1: ð1:9Þ
In general, a new generalized form of the hypergeometric func-
tions 0F2 is introduced by using the integral representation
method
0F4ð;;a;b;c;d;z;wÞ ¼
X
h;kP0
ðzÞhðwÞk
ðaÞhðbÞhðcÞkðdÞkh!k!
;
a;b;c;d> 0; z> 0; w> 0; ð1:10Þ
1 zðaþ 1Þðbþ 1Þ 
w
ðcþ 1Þðdþ 1Þ
< 0F4ð;; aþ 1; bþ 1; cþ 1; dþ 1;z;wÞ
< 1 zðaþ 1Þðbþ 1Þ 
w
ðcþ 1Þðdþ 1Þ þ
z2
2ðaÞ2ðbÞ2
þ zwðaþ 1Þðbþ 1Þðcþ 1Þðdþ 1Þ þ
w2
2ðcÞ2ðdÞ2
;
a; b; c; d > 1; z > 0; w > 0; ð1:11Þ
and
1þ zðaþ 1Þðbþ 1Þ þ
w
ðcþ 1Þðdþ 1Þ
< 0F4ð;; aþ 1; bþ 1; cþ 1; dþ 1; z;wÞ
< 1þ 2zðaþ 1Þðbþ 1Þ þ
2w
ðcþ 1Þðdþ 1Þ
a; b; c; d > 1; 0 < z < 1; 0 < w < 1: ð1:12Þ
In the next section, we will discuss further of the Humbert
functions of one variable of the inequalities properties
investigated.2. Inequalities for Humbert functions of one variable
The Humbert function Ja,b(z) of one variable z for non-nega-
tive integers a, b be deﬁned in the form [20,21]:
Ja;bðzÞ ¼ 1Cðaþ 1ÞCðbþ 1Þ
z
3
 aþb
0F2 ;; aþ 1; bþ 1; z
3
27
 
¼
X
kP0
ð1Þkzaþbþ3k
3aþbþ3kCðaþ kþ 1ÞCðbþ kþ 1Þk! ; ð2:1Þ
where
0F2 ;; aþ 1; bþ 1;z
3
27
 
¼
X
kP0
ð1Þkz3k
33kðaþ 1Þkðbþ 1Þkk!
:
From (2.1) and (1.6), we ﬁnd that
1 z
3
27ðaþ 1Þðbþ 1Þ < Cðaþ 1ÞCðbþ 1Þ
3
z
 aþb
Ja;bðzÞ
< 1 z
3
27ðaþ 1Þðbþ 1Þ
þ z
6
1458ðaþ 1Þðaþ 2Þðbþ 1Þðbþ 2Þ ;
a; b > 1; z > 0: ð2:2Þ
Eq. (2.2) can be expressed as
3
x
 aþb Cðaþ 1ÞCðbþ 1Þ
1 x3
27ðaþ1Þðbþ1Þ þ x
6
1458ðaþ1Þðaþ2Þðbþ1Þðbþ2Þ
 !
<
1
Ja;bðxÞ
<
3
x
 aþb Cðaþ 1ÞCðbþ 1Þ
1 x3
27ðaþ1Þðbþ1Þ
 !
; a; b > 1;
0 < x 6 max 1; 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðaþ 1Þðbþ 1Þ3
p 
: ð2:3Þ
Thus, combining (2.2) and (2.3) we can write
z
x
 aþb 1 z3
27ðaþ1Þðbþ1Þ
1 x3
27ðaþ1Þðbþ1Þ þ x
6
1458ðaþ1Þðaþ2Þðbþ1Þðbþ2Þ
 !
<
Ja;bðzÞ
Ja;bðxÞ
<
z
x
 aþb 1 z3
27ðaþ1Þðbþ1Þ þ z
6
1458ðaþ1Þðaþ2Þðbþ1Þðbþ2Þ
1 x3
27ðaþ1Þðbþ1Þ
 !
a; b > 1; z > 0;
< x 6 max 1; 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðaþ 1Þðbþ 1Þ3
p 
; ð2:4Þ
and also, for a; b > 2; 0 < z 6 max 1; 3 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðaþ 2Þðbþ 2Þ3p , we
get
9ðaþ 1Þðbþ 1Þ
z2
 
1 z3
27ðaþ1Þðbþ1Þ
1 z3
27ðaþ2Þðbþ2Þ þ z
6
1458ðaþ2Þðaþ3Þðbþ2Þðbþ3Þ
 !
<
Ja;bðzÞ
Jaþ1;bþ1ðzÞ
<
9ðaþ 1Þðbþ 1Þ
z2
 
1 z3
27ðaþ1Þðbþ1Þ þ z
6
1458ðaþ1Þðaþ2Þðbþ1Þðbþ2Þ
1 z3
27ðaþ2Þðbþ2Þ
 !
:
ð2:5Þ
Our interest is to show that our inequality (2.2) gives inequality
at z= 1
1 1
27ðaþ 1Þðbþ 1Þ < Cðaþ 1ÞCðbþ 1Þ3
aþbJa;bð1Þ
< 1 1
27ðaþ 1Þðbþ 1Þ
þ 1
1458ðaþ 1Þðaþ 2Þðbþ 1Þðbþ 2Þ ; a; b > 1: ð2:6Þ
16 A. ShehataAs an example for a= b= 2, z= 1, we have from (2.2)
0:003073718 < J2;2ð1Þ < 0:003073733:
For a= b= 1, z= 0.9, from (2.2) we have
0:0893925 < J1;1ð0:9Þ < 0:089393411:3. Inequalities for Humbert functions of two variables
It is the purpose of this section to introduce a new inequalities
for Humbert functions of two variables, which represents a
generalization of the exponential functions and hypergeomet-
ric functions 0F2 as given by the relations (1.8)–(1.11) and
(1.12). Now we deﬁne the Humbert functions of two variables
as the following
Ja;b;c;dðz;wÞ ¼ z
aþbwcþd
3aþbþcþdCðaþ 1ÞCðbþ 1ÞCðcþ 1ÞCðdþ 1Þ
 0F4 ;;aþ 1;bþ 1; cþ 1;dþ 1; z
3
27
;w
3
27
 
¼
X
h;kP0
ð1Þhþkzaþbþ3h
3aþbþcþdþ3hþ3kCðaþ hþ 1ÞCðbþ hþ 1ÞCðcþ kþ 1ÞCðdþ kþ 1Þh!k! ;
a;b; c;d>1; ð3:1Þ
and with the same manner in the preceding, from (1.7) for the
Humbert functions of two complex variables, we have the
inequalities1
1 x3
27ðaþ1Þðbþ1Þ  y
3
27ðcþ1Þðdbþ1Þ þ x
6
1458ðaþ1Þðaþ2Þðbþ1Þðbþ2Þ þ x
3y3
729ðaþ1Þðbþ1Þðcþ1Þðdþ1Þ þ y
6
1458ðcþ1Þðcþ2Þðdþ1Þðdþ2Þ
<
xaþbycþd
3aþbþcþdCðaþ 1ÞCðbþ 1ÞCðcþ 1ÞCðdþ 1ÞJa;b;c;dðx; yÞ
<
1
1 x3
27ðaþ1Þðbþ1Þ  y
3
27ðcþ1Þðdþ1Þ
; a; b; c; d > 1; 0 < x
6 max 1; 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðaþ 1Þðbþ 1Þ3
p 
; 0 < y 6 max 1; 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcþ 1Þðdþ 1Þ3
p 
; ð3:3Þ
z
x
 aþb w
y
 cþd 1 z3
27ðaþ1Þðbþ1Þ  w
3
27ðcþ1Þðdþ1Þ
1 x3
27ðaþ1Þðbþ1Þ  y
3
27ðcþ1Þðdþ1Þ þ x
6
1458ðaþ1Þðaþ2Þðbþ1Þðbþ2Þ þ x
3y3
729ðaþ1Þðbþ1Þðcþ1Þðdþ1Þ þ y
6
1458ðcþ1Þðcþ2Þðdþ1Þðdþ2Þ
 !
<
Ja;b;c;dðz;wÞ
Ja;b;c;dðx; yÞ
<
z
x
 aþb w
y
 cþd 1 z3
27ðaþ1Þðbþ1Þ  w
3
27ðcþ1Þðdþ1Þ þ z
6
1458ðaþ1Þðaþ2Þðbþ1Þðbþ2Þ þ z
3w3
729ðaþ1Þðbþ1Þðcþ1Þðdþ1Þ þ w
6
1458ðcþ1Þðcþ2Þðdþ1Þðdþ2Þ
1 x3
27ðaþ1Þðbþ1Þ  y
3
27ðcþ1Þðdþ1Þ
 !
;
a; b; c; d > 1; z;w > 0; 0 < x 6 max 1; 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðaþ 1Þðbþ 1Þ3
p 
; 0 < y 6 max 1; 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcþ 1Þðdþ 1Þ3
p 
; ð3:4Þ
and
9ðaþ 1Þðbþ 1Þ
z2
 
9ðcþ 1Þðdþ 1Þ
w2
 

1 z3
27ðaþ1Þðbþ1Þ  w
3
27ðcþ1Þðdþ1Þ
1 z3
27ðaþ2Þðbþ2Þ  w
3
27ðcþ2Þðdþ2Þ þ z
6
1458ðaþ2Þðaþ3Þðbþ2Þðbþ3Þ þ z
3w3
729ðaþ2Þðbþ2Þðcþ2Þðdþ2Þ þ w
6
1458ðcþ2Þðcþ3Þðdþ2Þðdþ3Þ
 !
<
Ja;b;c;dðz;wÞ
Jaþ1;bþ1;cþ1;dþ1ðz;wÞ <
9ðaþ 1Þðbþ 1Þ
z2
 
9ðcþ 1Þðdþ 1Þ
w2
 

1 z3
27ðaþ1Þðbþ1Þ  w
3
27ðcþ1Þðdþ1Þ þ z
6
1458ðaþ1Þðaþ2Þðbþ1Þðbþ2Þ þ z
3w3
729ðaþ1Þðbþ1Þðcþ1Þðdþ1Þ þ w
6
1458ðcþ1Þðcþ2Þðdþ1Þðdþ2Þ
1 z3
27ðaþ2Þðbþ2Þ  w
3
27ðcþ2Þðdþ2Þ
 !
;
a; b; c; d > 2; 0 < z 6 max 1; 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðaþ 2Þðbþ 2Þ3
p 
; 0 < w 6 max 1; 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcþ 2Þðdþ 2Þ3
p 
: ð3:5Þ1 z
3
27ðaþ 1Þðbþ 1Þ 
w3
27ðcþ 1Þðdþ 1Þ
<
3aþbþcþdCðaþ 1ÞCðbþ 1ÞCðcþ 1ÞCðdþ 1Þ
zaþbwcþd
Ja;b;c;dðz;wÞ
< 1 z
3
27ðaþ 1Þðbþ 1Þ 
w3
27ðcþ 1Þðdþ 1Þ
þ z
6
1458ðaþ 1Þðaþ 2Þðbþ 1Þðbþ 2Þ
þ z
3w3
729ðaþ 1Þðbþ 1Þðcþ 1Þðdþ 1Þ
þ w
6
1458ðcþ 1Þðcþ 2Þðdþ 1Þðdþ 2Þ ;
a; b; c; d > 1; z;w > 0; ð3:2Þ
For the set of values z= w= 0.4, x= y= 0.8,
a= b= c= d= 1, gives from
0:062431845 <
J1;1;1;1ð0:4; 0:4Þ
J1;1;1;1ð0:8; 0:8Þ < 0:062431876:
In conclusion, we shall now show that there exist opera-
tional relations between Humbert functions and the various
type of Whittaker’s and Bessel functions, more results could
be obtained, but the details are omitted for reasons of
brevity.
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The Whittaker’s functions Mk,m(z) deﬁned by the relation [22]
x
4
3rJrþs;2s 3x
2
3
 
:
ð1Þs 4
p2
 r12
C rþ sþ 1
2
 
ﬃﬃﬃ
p
p
Cð2sþ 1Þ Mr;s
4
p2
 
;
1
pa
: x
a
Cðaþ 1Þ ; R rþ sþ
1
2
 
> 0: ð4:1Þ
From (4.1), we can write the relation
Mr;sðxÞ: ð1Þ
s ﬃﬃﬃpp Cð2sþ 1Þ223rx1213r
C rþ sþ 1
2
  Jrþs;2s 3
ﬃﬃﬃ
x
2
3
r 
: ð4:2Þ
We put that a= r+ s, b= 2s and z ¼ 3 ﬃﬃx
2
3
p
into (2.2), it fol-
lows that ﬃﬃﬃ
p
p
x
1
2þs
ð1ÞsCðrþ sþ 1ÞC rþ sþ 1
2
 
2s
1
3r
 !
1 x
2ðrþ sþ 1Þð2sþ 1Þ
 
< Mr;sðxÞ:
<
ﬃﬃﬃ
p
p
x
1
2þs
ð1ÞsCðrþ sþ 1ÞC rþ sþ 1
2
 
2s
1
3r
 !
1 x
2ðrþ sþ 1Þð2sþ 1Þ þ
x2
8ðrþ sþ 1Þðrþ sþ 2Þð2sþ 1Þð2sþ 2Þ
 
; ð4:3Þ
thus, we can deduce that
1ﬃﬃﬃ
p
p ð1Þ
s
2s
1
3rxs
1
2Cðrþ sþ 1ÞC rþ sþ 1
2
 
1 x
2ðrþsþ1Þð2sþ1Þ þ x
2
8ðrþsþ1Þðrþsþ2Þð2sþ1Þð2sþ2Þ
<
1
Mr;sðxÞ
<
1ﬃﬃﬃ
p
p ð1Þ
s
2s
1
3rxs
1
2Cðrþ sþ 1ÞC rþ sþ 1
2
 
1 x
2ðrþsþ1Þð2sþ1Þ
: ð4:4Þ
For example, if s > 1
2
; r > 1
2
, then (4.3) gives
0:5 < M0;0ð1Þ < 053125;
1:852662388 < M1;0ð1Þ < 1:8728325;
0:16111111 < M0;2ð1Þ < 0:161168981;
0:027298289 < M1;2ð1Þ < 0:027304122:
Her has given the following form for the operational relations
of this Bessel function of the ﬁrst kind [20,21,23]
x
2mn
3 Jm;n 3
ﬃﬃﬃ
x3
p 
: 1
p
2mn
2
Jn 2
ﬃﬃﬃ
1
p
s !
; ð4:5Þ
and
x
2nm
3 Jm;n 3
ﬃﬃﬃ
x3
p 
: 1
p
2nm
2
Jm 2
ﬃﬃﬃ
1
p
s !
: ð4:6Þ
where 1
pa
: xaCðaþ1Þ ;Rðaþ 1Þ > 0 and Jn(x) is one of Bessel func-
tion of the ﬁrst kind an inequalities for it:
1 z
2
4ðaþ 1Þ
  z
2
 a
Cðaþ 1Þ < JaðzÞ
< 1 z
2
4ðaþ 1Þ þ
z4
32ðaþ 1Þðaþ 2Þ
  z
2
 a
Cðaþ 1Þ ;
a > 1; z > 0; ð4:7Þ
and
1
1 x2
4ðaþ1Þ þ x
4
32ðaþ1Þðaþ2Þ
 !
Cðaþ 1Þ x
2
 a
<
1
JaðxÞ
<
1
1 x2
4ðaþ1Þ
 !
Cðaþ 1Þ x
2
 a
; a > 1; 0 < x
6 max 1; 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ 1p
 
: ð4:8ÞAs an example for a= 0, a= 2, z= 1 and from (4.7), we get
0:75 < J0ð1Þ < 0:765625;
0:114583333 < J2ð1Þ < 0:114908854:
If a= 1, z= 0.1, then (4.7) gives
0:0498375 < J1ð0:1Þ < 0:049937526041:
In [24], the Bessel functions Ja,b(z, w) of two index of two vari-
ables deﬁned by
Ja;bðz;wÞ ¼ z
awb
Cðaþ 1ÞCðbþ 1Þ2aþb 0F2 ;; aþ 1; bþ 1;
z2
4
;
w2
4
 
¼
X
h;kP0
ð1Þhþkz2hþaw2kþb
2aþbþ2ðhþkÞCðaþ hþ 1ÞCðbþ kþ 1Þh!k! ;
ð4:9Þ
where
0F2 ;; aþ 1; bþ 1;z
2
4
;
w2
4
 
¼
X
h;kP0
ð1Þhþkz2hw2k
22ðhþkÞðaþ 1Þhðbþ 1Þkh!k!
; a; b > 1; z;w > 0:
It is evident that the ordinary Humbert functions of two vari-
ables are linked to the bessel functions of two index of two
variables by
x
2ab
3 y
2cd
3 Ja;b;c;d 3
ﬃﬃﬃ
x3
p
; 3
ﬃﬃﬃ
y3
p : 1
p
2ab
2 q
2cd
2
Jb;d 2
ﬃﬃﬃ
1
p
s
;2
ﬃﬃﬃ
1
q
s !
:
ð4:10Þ
From (4.9) and (4.10), we ﬁnd that
1 z
2
4ðaþ 1Þ 
w2
4ðbþ 1Þ
 
zawb
2aþbCðaþ 1ÞCðbþ 1Þ
 
< Ja;bðz;wÞ < 1 z
2
4ðaþ 1Þ 
w2
4ðbþ 1Þ þ
z4
32ðaþ 1Þðaþ 2Þ

þ z
2w2
16ðaþ 1Þðbþ 1Þ þ
w4
32ðbþ 1Þðbþ 2Þ

 z
awb
2aþbCðaþ 1ÞCðbþ 1Þ
 
; a; b > 1; z;w > 0: ð4:11Þ
For example, when a= b= 2, z= w= 1, form (4.11) we get
0:013020833 < J2;2ð1; 1Þ < 0:1321072049:
For a= b= 1, z= w= 0.9, from (4.11) we have
0:16149375 < J1;1ð0:9; 0:9Þ < 0:1649536523:
Here, we have obtained inequalities for some special functions
from a known result for hypergeometric functions. This ap-
proach opens new possibilities to deal with other members of
Humbert, Whittaker’s and Bessel functions as well as hyper-
geometric functions. Hence, new results and further applica-
tions can be obtained and will be discussed in a forthcoming
paper.
4.1. Open problem
How can one derive the above identity directly from the prop-
erties of 0F2? Such derivation would immediately give another
proof inequalities for the fundamental relations of generalized
hypergeometric function.
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